A method for construction of exact solutions to the nonlinear heat equation
1. Introduction. The paper is devoted to the construction of exact solutions of the nonlinear heat equation
This equation for ( ) const G u ≡ describes the unsteady state heat transfer in a medium that is moving with a constant velocity, where the thermal conductivity coefficient and the reaction speed coefficient are arbitrary functions of the temperature. The soliton solutions of Eq. (1) are presented in [1] .
In the case ( ) 0 G u ≡ , we have
which describes the unsteady state heat transfer in an unmovable medium. The group classification of a class of equations of this type and exact solutions for different functions ( ) F u and ( ) H u are presented in [1] [2] [3] [4] [5] .
In this paper, we propose a method for constructing new exact solutions of Eqs.
(1) and (2). To solve these equations, we use the ansatz
If there exists a solution of Eq. (1) of the form (4), then the obtained Eq. (5) means that the functions
are linearly dependent. The functions ϕ ′ ϕ , 1 ′ ϕ are linearly independent, so all other functions (6) should obey the condition that they are representable as a linear combination of the functions
for some , i i R λ μ ∈ . Substitute (7)-(9) into Eq. (5):
The functions ϕ ′ ϕ and 1 ′ ϕ are linearly independent, so Eq. (10) splits into a system of equations
Integrating Eq. (7), which is linear with respect to the function ( )
where A is an arbitrary constant. As a result, we can formulate the following theorem.
and H(u) are defined by formulas (13), (8), and (9), respectively, whereas 1 ( ) t ω and 2 ( ) t ω are solutions of the system of equations (11), (12).
In accordance with Theorem 1, the function ( ) u ϕ in ansatz (4) is arbitrary, whereas the functions F(u), G(u), and H(u) can be represented via the function ( ) u ϕ . Finding solutions of the form (4) of Eq. (1) is reduced to integrating the system of equations (11), (12). Rewrite this system in terms of new functions v 1 and v 2 ,
Then this system transforms to
Consider three possible cases. a) Case 1 0 λ ≠ , 2 3 0 λ = λ = . Equation (1) has the form
where the function F (u) is defined by formula (13). The general solution of system (14), (15) for
where c 1 and c 2 are arbitrary constants. As a result, we have the following solution of Eq. (16):
Setting 1 2 3 0 μ = μ = μ = and c 2 = 0 in (17), we obtain automodel solutions
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to the equation
where the function F (u) is defined by formula (13). Solutions of the form (18) are studied in [5] . b) Case 1 2 0 λ = λ = , 3 0 λ ≠ . The general solution of system (14), (15) is defined by the for-
Equation (1) in this case becomes
and has the following family of solutions:
When we set 2 0 μ = in (21), we obtain a family of solutions
c) Case 1 0 λ = , 2 0 λ ≠ , 3 0 λ ≠ . In this case, Eq. (1) has the form
and the general solution of system (14), (15) is defined as 
Substituting these expressions for v 1 and v 2 into φ(u) = v 1 x -v 2 , we obtain solutions of Eq. (23).
Exact solutions of Eq. (2)
. In order to construct exact solutions of Eq. (2), we can use the substitution
where ( ) p x is a solution of the equation 2 2 ( ) ,
Determine the functions 1 ( ) t ω and ( ) u ϕ from the condition that ansatz (24) reduces Eq. (2) to an ordinary differential equation with the unknown function 1 ( ) t ω . Then we obtain the following system of equations for determining the functions F(u), ϕ(u)
where 2 3 , R λ λ ∈ . Suppose that '( ) 0 F u ≠ . Then, integrating Eq. (25), which is linear with respect to the function F = F(u), we have
where c 1 is a constant. The function 1 ( ) t ω can be determined from the equation
In the case 3 0 λ ≠ , the solution of (28) is the function 
( ) .
As a result, we formulate the next theorem. 
